Abstract. In this paper, we investigate a question of Breuillard and Reid concerning which genera can be obtained by closed congruence surfaces. Specifically, we study a smaller set of objects, namely the closed congruence surfaces which can be constructed by a maximal order in a quaternion algebra, and show that there is no surface of genus 212 in this class. In particular, we show that Breuillard and Reid's question restricted to such surfaces has a negative answer.
Introduction
Given a surface S of genus g and n punctures, a longstanding question in Teichmüller theory is to find and describe all hyperbolic metrics in Teichmüller space, T g,n , which maximize systolic length. Specifically, for fixed topological surface S can one describe the set of all hyperbolic metrics m such that (S, m) maximizes the length of the shortest non-contractible curve on S. If sys g,n denotes the function on T g,n that gives the length of this shortest curve, one knows that sys g,n has a global maximum by Mumford's compactness theorem [10] , however there are currently very few topological types of surfaces for which we can explicitly describe a global maximum of this function. In the non-compact setting, Schmutz [15] showed that some principal congruence subgroups of PSL(2, Z) give examples of punctured surfaces which maximize systole and, in the compact setting, the Bolza surface is known to be the unique global maximum of sys 2,0 in T 2,0 [14] . Unfortunately, these surfaces are currently the only explicitly known global maximums of sys g,n .
The two types of examples above exhibit many similar and striking properties, for instance they are all arithmetic and they all have large groups of symmetries. In fact, all of the known maximizers fit into a special class of Riemann surfaces, the so-called congruence surfaces, which are natural candidates to produce many global maximizers of sys g,n . By definition, congruence surfaces are arithmetic and have fundamental groups which contain a principal congruence subgroup (see the definition in Section 2.3). These surfaces are good candidates to maximize sys g,n as all congruence surfaces have spectral gap bounded below and are therefore "big and round", i.e. they cannot contain a short curve which disconnects them. Further evidence that these surfaces have the potential to be global maximizers is given by Buser-Sarnak [3] and Katz-Schaps-Vishne [6] , who show that, asymptotically, congruence surfaces behave near optimally with respect to systole growth in towers of covers.
Having such a metric on a surface of genus g is a very rare property. Indeed, combining the aforementioned lower bound on spectral gap with a theorem of Zograf [22] shows that there can only be finitely many congruence surfaces in each genus.
Therefore if one wants to understand whether or not congruence surfaces maximize systole in their respective Teichmüller spaces, one needs to first understand these finite sets of surfaces. For non-compact manifolds, it is a result of Sebbar [16] that there are precisely 32 conjugacy classes of torsion free, congruence subgroups of PSL(2, Z) with genus 0 and hence 32 congruence surfaces of genus 0. However in the compact setting, our knowledge of congruence surfaces is still incomplete. In fact, it is still an open question of Breuillard and Reid [13] whether such surfaces exist in every genus. Moreover if the answer to Question 1.1 is yes, then the expectation is that these surfaces do not come from the same commensurability class nor trace fields of bounded degree.
Question 1.2 (Breuillard-Reid)
. If Question 1.1 has an affirmative answer, is it true that such surfaces do not come from invariant trace fields K M of bounded degree? Perhaps more precisely, suppose Question 1.1 has an affirmative answer. Then for each natural number n and any choice of M n ∈ T with gen(M n ) = n, is it necessarily true that sup
As the surfaces in Question 1.1 and 1.2 are all compact and arithmetic, all commensurability classes of lattices arise from a particular quaternion algebra construction (see Sections 2.2 and 2.3). In general these commensurability classes contain a plethora of lattices, including infinitely many maximal lattices, however these commensurability classes always have certain distinguished lattices whose volume, torsion elements, and signature as Fuchsian groups are particularly easy to describe. These distinguished lattices are constructed using maximal orders in quaternion algebras.
In this paper we investigate Question 1.1 for the subclass of congruence surfaces which have fundamental group given by such a maximal order. We show that for this subclass of congruence surfaces, Question 1.1 surprisingly has a negative answer. Theorem 1.3. Contingent on the validity of Dokchitser's algorithm to numerically compute L-functions, there is no closed congruence surface constructed from a maximal order of genus 212. In particular, Question 1.1 restricted to this class of surfaces has a negative answer.
Specifically, the simplest class of congruence surfaces for which one could hope to answer this question does not realize all possible genera. We remark that this result relies on Dokchitser's algorithm [4] to compute L-functions, in particular in the course of proving Theorem 1.3 we must rely on computer computations of the special zeta value ζ K (−1). Dokchitser's algorithm is the algorithm implemented in both SAGE [19] and Magma [2] and we use its implementation in the former to compute these values.
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2. Background 2.1. Number theoretic preliminaries. In this section, we recall some basic facts about number fields and set up notation for the rest of the paper. The reader is referred to [8, 9, 11] for a thorough treatment of these topics. Throughout the rest of this paper we will always use K to denote a number field and O K its ring of integers. Number fields come equipped with [K : Q] embeddings of K/ Q into C and we call K totally real if each of these embeddings σ has the property that σ(K) ⊂ R. As O K is a free abelian group of rank [K : Q], we may choose a basis {β 1 , . . . , β n } of O K over Z and define the discriminant of K, henceforth denoted ∆ K , as the quantity
and each σ i is a distinct embedding of K/ Q into C. As Equation (1) is independent of choice of integral basis, ∆ K is an invariant of the number field K.
Given a number field K, a prime ideal p ⊂ O K , and a finite extension
n . We say that each q i lies over p and write q i | p. Given a prime q i | p as above, we call e i the ramification index and write e i = e(q i |p). The ideal p is said to be ramified in L/K if there exists a q i lying over p with e(q i |p) > 1. When we talk about a ramified prime of a number field K, without reference to an extension, we mean that the prime ramifies in K/ Q. It is a standard result that a rational prime p ramifies in a number field K if and only if p | ∆ K .
Given a finite extension of number fields L/K and prime ideals p, q of O K , O L (respectively) such that q | p, we have a natural embedding of finite fields
We define the inertial degree as the degree of this extension and
Given any prime p ∈ O K , the ramification indices and inertial degrees relate to the degree of the extension L/K via the following equation (2) [
Given an ideal I ⊂ O K we define its norm as the quantity N(I) = |O K /I|. Notice in particular that for a prime ideal p, N(p) = p f where p is the unique rational prime such that p | p and f = f (p | p) its inertial degree.
In Section 6 we will require a more detailed statement about the relationship between ramified primes in K and prime divisors of ∆ K . To this end, we briefly recall that to every number field K we can associate an ideal D K of O K called the different ideal whose definition we omit in favor of simply listing the properties of D K that we will need. Theorem 2.1. For any number field K,
and a prime p ⊂ O K is ramified in K if and only if p | D K . Moreover if a is the exact power of p which divides D K and if e = e(p | p) is the ramification index of p over the unique rational prime p with p | p, then
• a = e − 1 if e ≡ 0 (mod p), i.e. p is tamely ramified, • a ≥ e if e ≡ 0 (mod p), i.e. p is wildly ramified. As the field norm is multiplicative, this implies that N(p) a | ∆ K for the number a above.
Using the norm N(−), we can define the Dedekind zeta function of K given by the formula
where s is a complex number and the sum runs through all non-zero ideals I in O K . The Dedekind zeta function also has an Euler product expansion as
where this product runs through all prime ideals in O K . Notice that in the specific case of K = Q, ζ Q (s) is simply the Riemann zeta function.
Finally, recall that a place v of a number field K is an equivalence class of valuations on K. By a theorem of Onstrowski, all such places are given by v σ (x) = |σ(x)| for any of the [K : Q] distinct embeddings K ֒→ C or by the p-adic valuations where p ⊂ O K is a prime ideal. We call the former infinite places and the latter finite places. For any infinite place v, the completion of K with respect to v is isomorphic to either R or C and for any finite place v, K v is a finite extension of Q p .
2.2.
Quaternion algebras over number fields. By a quaternion algebra over a number field K we mean a 4-dimensional algebra over K with basis {1, I, J, IJ} and multiplication defined by
for some α, β ∈ K * . Quaternion algebras are central, simple algebras and any 4-dimensional central, simple algebra over K is isomorphic to one of the above form. We frequently use the compact notation α,β K to denote the K-quaternion algebra where
and an element a = w + xI + yJ + zIJ ∈ A, we define its norm by the equation
and write A 1 for the group of norm 1 elements. Similarly we define the trace of a as tr(a) = 2w.
Given a quaternion algebra A = α,β K and some finite or infinite place v, we define the K v -algebra A v by the equation
We say that A splits over v if A v ∼ = Mat 2 (K v ) and that A v ramifies otherwise. We denote by Ram(A) the set of all places for which A is ramified and note that this set is always finite and of even cardinality. We use Ram f (A) to denote the places in Ram(A) which are finite. It is a theorem of Albert-Brauer-Hasse-Noether that Ram(A) completely determines the algebra A up to K-isomorphism.
For a quaternion algebra A over K and L/K any extension, we define
In the sequel, we will need to understand when a quadratic extension L/K embeds in A, we therefore have the following theorem (see [8, Theorem 7.3.3] ).
Theorem 2.2. Given a quadratic extension L/K, the following are equivalent:
In particular, the last condition is equivalent to requiring that no v ∈ Ram(A) splits in L/K. As with rings of integers of numbers fields, there is a corresponding notion of integral elements in quaternion algebras over number fields. We call a ∈ A an integer if O K [a] is an O K -lattice in A, which is equivalent to requiring both nrm(a), tr(a) ∈ O K . We can then define an ideal I ⊂ A as a complete O K -lattice and an order O of A as an ideal that is a ring with 1. As per [8, §6.1], orders can be described as rings of integers O such that KO = A, from which one can see that there exist maximal orders O, i.e. maximal elements in the class of orders with respect to inclusion.
We also need a notion of congruence subgroup for such orders. Given a quaternion algebra A, a maximal order O ⊂ A, and an integral, two-sided ideal I ⊂ O, we define the principal congruence subgroup of level I in O 1 by
That is to say O 1 (I) is the kernel of the homomorphism
2.3. Hyperbolic surfaces via quaternion algebras. We now show how to construct hyperbolic surfaces using quaternion algebras over totally real number fields. Let A be a quaternion algebra over a totally real number field K, of degree d, that is ramified at all but one of its infinite places. We can and do assume the embedding at which A splits is the identity. Then there is an isomorphism of algebras over R given by
where H denotes Hamilton's quaternions [8, Theorem 8.
be given by the composition of the inclusion map A → A ⊗ Q R and the projection onto the first term in Equation (4) . Then given an order O we can view O as a subgroup of Mat 2 (R) via ρ(O). Under this embedding, we have that for any a ∈ A, nrm(a) = det(ρ(a)) and therefore in fact
be the natural quotient map, then
) is discrete and of finite covolume and moreover when A is a division algebra (not isomorphic to matrices), it is cocompact [8, Theorem 8.1.2]. In order to have such an embedding, it is of course necessary that our algebra must split over at least one infinite place, but if our algebra were to split at more than one place, the image of O 1 in any copy of Mat 2 (R) would be dense and thus not discrete [8, Theorem 8.1.2] . Consequently the assumption that A must split at precisely one infinite place is not only sufficient but also necessary. We call a subgroup Γ < PSL 2 (R) arithmetic if it is commensurable with some P (ρ(O 1 )) for some A and K as above. For the remainder of the paper, when we say a congruence orbifold is constructed from a maximal order we mean it is an orbifold given by the quotient
, where ρ is as above and O 1 is the group of norm 1 elements of some maximal order O in a division algebra A over K. When we specify that this orbifold is a congruence surface constructed from a maximal order, we also impose the condition that P (ρ(O 1 )) is torsion free. Moreover when we want to specify the number field K that the algebra A giving rise to this congruence surface is defined over, we will call K the trace field of P (ρ(O 1 )). To simplify and slightly abuse notation, in the future we frequently drop our reference to the maps ρ and P , so when we write
. We also will frequently drop reference to the map ρ and write P (A 1 ) to mean P (ρ(A 1 ) ). An arithmetic Fuchsian group Γ is a congruence subgroup if it contains a principal congruence subgroup of some level (see the definition in Section 2.2). We remark that for a maximal order O ⊂ A, P (O 1 ) is necessarily a congruence subgroup as by definition it contains all principal congruence subgroups of O 1 . However, in general, not all arithmetic Fuchsian groups are congruence subgroups.
The question of when a cocompact arithmetic lattice in PSL 2 (R) has torsion elements in general is a subtle question and thus the difference between a lattice giving rise to a congruence orbifold versus a congruence surface is a delicate matter. In particular, the torsion elements of such lattices are frequently not controlled by the arithmetic of the invariant quaternion algebra. Fortunately in the class of orbifolds which are constructed from maximal orders, there is a much more explicit and tractable relationship [8, Theorem 12.5.4 ]. Theorem 2.3. Let A be a quaternion division algebra over a number field K and let ξ 2n denote the 2n th roots of unity. Then the following are equivalent:
(1) The group P (A 1 ) contains an element of order n,
contains an element of n-torsion, then for all maximal orders O ⊂ A, P (O 1 ) contains an element of n-torsion.
Given a quaternion algebra A and a number field K, we will say that a prime p eliminates n-torsion in P (A 1 ) if p ∈ Ram f (A) and p splits in K(ξ 2n ). Otherwise we say that p does not help eliminate n-torsion in A. Notice that given any n, such a prime p is not necessarily unique.
To conclude this section, we provide Borel's formula for the volume of
where O ⊂ A is a maximal order (see [1] or [8, Theorem 11.1.1]). This formula will be an indispensable tool in our ability to study the genera of congruence surfaces from maximal orders.
Theorem 2.4 (Borel) . Let K be a totally real number field, A a K-quaternion algebra that is ramified at all but one of its infinite places, O ⊂ A some maximal order. Then the volume of H 2 /O 1 is given by
Dedekind Zeta Function Bounds and Computation
In order to understand the genera that can be achieved by a congruence surface constructed from a maximal order, we must first understand the values of the Dedekind zeta function for arbitrary number fields in Equation (5) . To do this, we rewrite Equation (5) in terms of the special value ζ K (−1) using the functional equation for the Dedekind zeta function. We then go on to use bounds of Odlyzko to reduce the possible trace fields K of such a surface to a finite, computable list.
When K is a totally real number field of degree d, the Dedekind zeta function satisfies the functional equation [11, Pg. 467 ] (see also [8, Pg. 346 
where Γ(s) is the Gamma function. Evaluating at s = 2 gives that
and since (−2) d has the same sign parity as ζ K (−1), Equation (5) can be written as
which is the formulation we will use for the rest of the paper. When H 2 /O 1 is a hyperbolic surface, the Gauss-Bonnet theorem shows that its area is
, and therefore we conclude that
In the rest of this section, we will give bounds on the quantity preceding the product in Equation (7) to show that a genus 212 congruence surface must have trace field of degree at most 10. The starting point of this is the following well known proposition, which comes directly from an analysis of ζ K (s) in its Euler product form (see Equation (3)).
Proposition 3.1. For any number field K of degree d we have
where ζ(2) denotes the Riemann zeta function evaluated at 2.
Using Equation (6) and the fact that ζ(2) = π 2 6 allows us to convert this inequality to one for
We also have the following bounds on the discriminant of a totally real number field K from Takeuchi [17, Proposition 2.3], originally due to Odlyzko [12] . Proposition 3.2. Let K be a totally real number field, then
where a = 29.099, b=8.3185
Combining Proposition 3.2 with Equation (8) we therefore have the following bound on the degree of an trace field. K , for any totally real number field K of degree d. Using Equation (7), we also see that 2∆
and therefore Table 1 . When d ∈ {11, 12} we note that work of Voight and Jones-Roberts [20, 5] (see also [7] ) shows that in fact there is no totally real number field with
In fact the proof of Proposition 3.3 shows something stronger, namely that we are able to reduce the possible list of trace fields to a finite, computable list. Proof. Indeed using the bound on the root discriminant D(d) above, we find that in each degree there are only finitely many fields K such that ∆
From this, one can use the work of work of Voight and Jones-Roberts [20, 5] to explicitly list all such number fields. SAGE's "zeta function()" command [19] then gives the relevant values of ζ K (−1) for these fields. We have collected the list of all such fields with their relevant values of ζ K (−1) here. The table is extremely long and cannot be included in this paper, however we will pick out the relevant fields for the paper in the following sections and in the appendix.
Congruence Conditions on Torsion in Quaternion Algebras
We now explore some congruence conditions on primes in totally real number fields K. These congruence conditions will be useful in connecting splitting properties of primes p in Ram f (A) to torsion in P (A 1 ) over K via Theorem 2.3. In particular, they will allow us to show that many trace fields cannot support congruence surfaces from maximal orders of genus 212, including Q.
For this, we first give some preliminary lemmas controlling the inertial degree of primes in the fields we are interested in. Proof. Let p be the unique rational prime such that p | p. The lemma is then clear if p ≡ 1 (mod 4), as N(p) = p f for some f ∈ N. By the non-dyadic assumption, it therefore suffices to consider when p ≡ 3 (mod 4), where we point out that N(p) ≡ 1 (mod 4) if and only if f (p|p) ≡ 0 (mod 2). As p splits in K(i), there are primes q, q of K(i) lying over p such that
Moreover inertial degrees are multiplicative in towers and since Q ⊂ Q(i) ⊂ K(i) and p ≡ 3 (mod 4), there is an inert prime p ′ of Q(i)/ Q such that
with a similar statement for q. In particular f (q | p) = f (p | p) is even, giving the lemma.
Lemma 4.2. Let K be a totally real number field and p ⊂ O K a prime ideal not lying over the rational prime 3. If p splits in
Proof. The proof is identical to that of Lemma 4.1, except one replaces the condition that p ≡ 1 (mod 4) by the condition that p ≡ 1 (mod 3).
We are also interested in the ramification index of primes in these fields. We therefore have the following two lemmas, concerning dyadic and triadic primes.
Lemma 4.3. Suppose p is a dyadic prime in a number field K that splits in K(i)/K, then e(p|2) ≡ 0 (mod 2).
Proof. As 2 ramifies in Q(i), we have that e(q|2) ≡ 0 (mod 2) for any prime q in K(i) lying over p. By assumption p =in K(i)/K giving e(q|p) = e(q|p) = 1. By multiplicativity of the ramification index in towers it then must hold that e(p|2) ≡ 0 (mod 2).
Lemma 4.4. Suppose p is a prime lying over the rational prime 3 in a number field K that splits in K( √ −3)/K, then e(p|2) ≡ 0 (mod 2).
Proof. The proof is identical to Lemma 4.3 with K(i) replaced by K( √ −3).
At this point, we are in a position to eliminate the case of trace field Q.
Proposition 4.5. There is no congruence surface constructed from a maximal order of genus 212 with trace field Q.
Proof. When K = Q, Equation (7) shows that 211 = 1 12
for a quaternion algebra A over Q. The condition that A supports a congruence surface constructed from a maximal order is the condition that Q(ξ 2n ) does not embed in A for any natural number n (see Theorem 2.3). Equivalently, this happens if and only if for every n such that cos(π/n) ∈ Q, any p ∈ Ram f (A) splits in Q(ξ 2n ). Critically, cos(π/2), cos(π/3) ∈ Q and we must therefore ensure that there is at least one prime in Ram f (A) that splits in Q(ξ 4 ) (resp. Q(ξ 6 )). Since no primes ramify in Q, Lemmas 4.1-4.4 show that this is equivalent to either having a single prime p ∈ Ram f (A) such that p ≡ 1 (mod 12) or distinct primes p, q ∈ Ram f (A) such that p ≡ 1 (mod 3) and q ≡ 1 (mod 4). We will show that neither of these are possible. Indeed in the former case, writing p = 12k + 1 for some k > 0, we see that
and therefore k = 1 or k = 211. However, both choices of k imply that either 211 + 1 = 212 or 12(211) + 1 = 2533 is a prime, which is clearly false. In the latter case, write p = 3k + 1 and q = 4k ′ + 1, then again we see that
where we include the possibility that Ram f (A) = {p, q} and the latter product is over an empty set. By the above k ∈ {1, 211}, but if k = 1 then p = 3k + 1 = 4 is not prime and if k = 211 then p = 3(211) + 1 is even and so also not prime. Therefore we conclude that there is no such quaternion algebra A over Q and hence no such congruence surface, completing the proof.
We conclude this section by noting that one can vastly generalize the analysis of Proposition 4.5 to be able to handle fields K such that
n for some n ∈ N. This will be extremely useful for us in ruling out congruence surfaces constructed from maximal orders where the ramification of the quaternion algebra contributes 211 to the righthand side of Equation (7) via its ramification set. In particular the conditions in the theorem mimic constraints coming from our computation of the finite list of all possible trace fields, as mentioned at the end of Section 3. The statement of the theorem is a bit involved, however we will need all of the possibilities listed therein. n , where n is any natural number 2 ≤ n ≤ 84. Then n is divisible by a natural number k such that k ∈ {10, 22, 42, 52, 58, 70, 72}.
Moreover if 2 ∤ ∆ K , then we must have that n ∈ {72, 80}. In the case that n = 72, the associated quaternion algebra A has finite ramification set
where N(p) = 15193 and N(q i ) = 2 for all i. When n = 80, then 9 | ∆ K and the associated quaternion algebra A has finite ramification
with N(p) = 2111, N(p ′ ) ∈ {3, 9}, and N(q i ) = 2 for all i. In the above equations we allow for the possibility that s = 0 and therefore
Proof. Equation (7) shows that
and therefore A must ramify at some prime p such that N(p) = 211k + 1 for which k | n and N(p) is a prime power. One can easily check that the only such k are k ∈ {10, 22, 42, 52, 58, 70, 72}. This gives the first claim. For the second, first assume that k ≡ 2 (mod 4), which is the case for all k = 52, 72 in the above set. Then N(p) ≡ 3 (mod 4) and therefore by Lemma 4.1 ramifying at such a prime does not eliminate 2-torsion in P (A 1 ). Moreover when 2 ∤ ∆ K , Lemmas 4.1 and 4.3 show that A must ramify at some q such that N(q) ≡ 1 (mod 4) in order to eliminate 2-torsion in P (A 1 ). Writing N(q) = 4k ′ + 1, we then have 211n = (211k)4k
where the latter product is potentially over an empty set. In particular, since each k is even, we see that n ≡ 0 (mod 8). This is impossible in all cases except for when k = 10 and n ∈ {40, 80}, where we then have that k ′ ∈ {1, 2}. From our computed list of number fields, we collect in Table 2 the fields such that
n for some n > 1 or
n for some n such that n is divisible by some k ∈ {10, 22, 42, 52, 58, 70, 72}, since Equation (7) and Theorem 4.6 show that only these fields could yield a genus 212 surface. Furthermore, we remark that Theorem 4.6 shows the impossibilty of genus 212 surface over any of the fields with Table 2 . The remaining sections will rule out such a construction over all other fields.
Remark 4.7. If one assumes the Birch-Tate conjecture, then the above analysis can be made in a much more systematic way. In particular, the Birch-Tate conjecture asserts that for totally real number fields K
where
This conjecture is a theorem when K is an abelian extension of Q and for general number fields is known to hold up to a power of 2. Results of Tate [18, Theorems 6.1 and 6.3] show that the numerator of Equation (9) is divisible by 2 [K:Q] and moreover give a general method for computing the power of 2 which divides the numerator of Equation (9) . In particular, writing
in reduced form and assuming the Birch-Tate conjecture we see that t | w 2 (K).
Moreover it is then apparent that if K ∩ Q(ξ n ) = Q for all n ∈ N, then t | 12. When K ∩ Q(ξ n ) = Q for some n ∈ N, it will produce extra congruence conditions on Ram f (A) for P (A 1 ) to be torsion free, as there will then be cyclotomic extensions
One can see this appear explicitly in the analysis of Section 5 when we deal with real quadratic extensions (notice that the Birch-Tate conjecture is a theorem in this setting since the extension is abelian). Equation (9) is one reason for the restriction on the n we consider in Theorem 4.6, since these are relevant denominators when [K : Q] ≤ 10.
The case of quadratic trace field
In this section, we show that there is no genus 212 congruence surface constructed from a maximal order with quadratic trace field. To do so we use work of Zagier [21] , who showed that there is an explicit formula for ζ K (−1) for all real quadratics
is a positive rational number with denominator dividing 24 except in the case that K is Q( √ 5). It turns out that this denominator divides 12 unless Q( √ 2) or Q( √ 5) (see Remark 5.4). To begin, we first rule out all of the other fields by showing that if the denominator of ζK (−1) 2 divides 12 then there cannot be such a congruence surface. We then go on to rule out the remaining two exceptional quadratic fields.
Proposition 5.1. There is no congruence surface constructed from a maximal order of genus 212 with trace field K a real quadratic, when
n for some n | 12, n < 12.
Proof. Begin by noting that when K is real quadratic and A gives rise to a hyperbolic manifold, the discussion in Sections 2.2 and 2.3 shows that A ramifies at one of its infinite places and the cardinality of the finite ramification, | Ram f (A)|, is odd. Therefore Equation (7) becomes
Notice that if n = 1, then every p ∈ Ram f (A) has the property that N(p) = 2. In particular, Lemma 4.2 combined with Theorem 2.3 shows that, in this case, P (A 1 ) has 3-torsion. Consequently it suffices to assume n | 6 and n > 1.
First suppose that
6 . Then Equation (10) and the odd cardinality of Ram f (A) show that we must be in one of the following scenarios:
• Ram f (A) = {p}, where N(p) = 7,
• Ram f (A) = {p, q 1 , q 2 }, where N(p) = 7 and N(q j ) = 2, • Ram f (A) = {p 1 , p 2 , q}, where N(p 1 ) = 4, N(p 2 ) = 3, and N(q) = 2. In the first case, since 7 ≡ 3 (mod 4), Lemma 4.1 shows that p does not split in K(i)/K. Therefore by Theorem 2.3, P (A 1 ) will still contain 2-torsion and hence does not give rise to a congruence surface. In the second case, again p will not help eliminate 2-torsion and so we must have that q j splits in K(i)/K for some j. However by Lemma 4.3 this shows that one of the q j must ramify in K which by Equation (2) gives that [K : Q] ≥ 3, a contradiction. Now assume we are in the third case, then again Equation (2) shows that having the primes p 1 , q lying over 2 is impossible for a field of degree [K : Q] ≤ 2.
Next, suppose The latter is clearly absurd in a real quadratic so we assume Ram f (A) = {p}, where p is an inert prime dividing 2. By Lemma 4.3, p does not split in K(i)/K so this ramification set gives 2-torsion in P (A 1 ) by Theorem 2.3 and hence A does not support a congruence surface from a maximal order.
Finally suppose By Lemma 4.1, p does not split in K(i)/K and therefore we can immediately rule out the former case. In the latter case this also shows that one of the q j must split in K(i)/K. However again by Lemma 4.3, such a q j must ramify in K contradicting the existence of both q 1 and q 2 via Equation (2) . Therefore no congruence surface can be built with this ramification set. (15)- (17)] shows that for real quadratics
where σ 1 (−) denotes the sum of positive divisors function and ∆ K is the discriminant of Q( √ d), i.e.
Computationally one can easily list all real quadratic number fields with ∆ K up to 574, which we do in Table 4 in the Appendix. By inspection, one then sees that no such K exists.
We may rule out the remaining exceptional fields using the analysis of Theorem 4.6. Proof. By Equation (7) we have that
By Lemma 5.3 we may assume that
For any such field, we claim that the denominator of ζK (−1) 2 must divide 12. Indeed there are three ways to see this: the first is by carrying out the analysis in [21, §3] and analyzing the subsequent divisibility conditions, the second is by applying the Birch-Tate conjecture (a theorem in this case since K/ Q is abelian) where when d = 2, 5 we see that w 2 (K) = 24 and hence the denominator divides 12, and the third is simply by examining the values in Table 4 . From this, one can apply Proposition 5.1 and Lemma 5.2 to conclude the theorem.
6. Congruence surfaces from trace fields of higher degree 6.1. Reduction to a small list of fields. In the case where [K : Q] > 2, an analysis like the one in Section 5 is extremely difficult as the splitting behavior of primes becomes much more complicated in arbitrary number fields. We must therefore instead rely on computational results regarding ζ K (−1) and constraints on the splitting behavior of 2 and 3 to rule out many of the remaining fields. Notice that the techniques of Section 5, specifically Proposition 5.1, generalize immediately to give the following proposition for number fields of arbitrary degree. A more thorough analysis of the above ramification sets shows that some of these primes must ramify in K in order to eliminate torsion in P (A 1 ). We can therefore use Theorem 2.1 to give conditions on the discriminant ∆ K , for the ramification sets indicated above to be realized. First note in all of these cases, none of the primes p ∤ 2 split in K(i)/K by Lemma 4.1 and thus Lemma 4.3 combined with Theorem 2.1 show that 4 | ∆ K is a necessary condition for any of the ramification sets above to produce an algebra A such that P (A 1 ) has no torsion. Moreover, in the case where
2 }, Lemmas 4.2 and 4.4 give that both 2 and 3 must ramify in K and hence 12 | ∆ K is a necessary condition on the trace field K. Table 3 in the appendix provides a list of all fields from Table 2 where these further divisibility conditions on ∆ K hold.
In the case where
6 }, the ramification sets listed in Proposition 6.1 require some p ∈ Ram f (A) lying over 2, which necessarily wildly ramifies by Lemma 4.3. Moreover, in each case it could hold that N(p) = 2, and since wild ramification only gives a lower bound on the power of p dividing D K in Theorem 2.1, no improvement can be made on the condition that 4 | ∆ K . As a result, in the final section of this paper we analyze the fields in Table 3 computationally to show that the ramification sets in Proposition 6.1 either define algebras with torsion, or simply do not define algebras, in each individual field.
6.2.
Computations in the remaining fields. To conclude, we present computations of the splitting behavior of 2 and 3 in the fields provided in Table 3 . None of the methods from the preceding two sections can circumvent the need to check this computationally, as the possibility of wild ramification in these fields allows for no tighter restrictions on K and specifically ∆ K . Using SAGE [19] , we begin by analyzing the fields where only one norm 2 prime. However this is a field of degree six and, by the discussion in Section 2.3, in order to obtain a hyperbolic surface from A, we must have that | Ram f (A)| is odd. Therefore there is no such A with this ramification set and hence there is no construction of a genus 212 congruence surface constructed from a maximal order with trace field K from the list in Proposition 6.3.
To conclude we consider the field defined by the polynomial p(x) = x 4 −20x 2 +95, which has To conclude we recap our results from the previous sections to prove Theorem 1.3, which we begin by restating. Theorem 1.3. Contingent on the validity of Dokchitser's algorithm to numerically compute L-functions, there is no closed congruence surface constructed from a maximal order of genus 212.
Proof. Indeed if such a surface was to exist then Equation (7) where again s ∈ {1, 211}. If s = 1, then there is some prime p ∈ Ram f (A) with N(p) = 212 which is clearly absurd as the latter is not a prime power. If s = 211, then every p ∈ Ram f (A) has the property that N(p) = 2. However Lemma 4.2 then shows that P (A 1 ) contains 3-torsion. We are therefore reduced to analyzing fields for which n = 1.
For such fields, Equation (8) for each field, as in Corollary 3.4
1
. From these computations, we list in Table 2 Table 2 shows that no such congruence surface exists (notice that 2 ∤ ∆ K for the fields in question). In the former case, the results in Section 6.1 show that no such construction exists for all fields in Table 2 , except for those which we list in Table  3 . To conclude, the results in Section 6.2 prove no such construction exists for all fields listed in Table 3 . Consequently there is no congruence surface from a maximal order of genus 212, for any of the number fields listed in Table 2 . As these are the only possible field with 3 ≤ [K : Q] ≤ 10 for which a construction is possible, this completes the proof. 1 The full list of values for all such number fields is far too long to include in the paper, however we collect this list on the second author's website which can be found here. If this author's web address changes, this list will continue to be hosted by the author wherever he moves to.
